Abstract. Peng and Zhong (Acta Math Sci 37B(1):69-78, 2017) introduced and studied a new subclass of analytic functions as follows:
Introduction
Throughout this article, ∆ is the open unit disc on the complex plane C, i.e. ∆ := {z ∈ C : |z| < 1}. The set of all functions that are analytic and normalized by f (0) = f (0) − 1 = 0 in ∆ is denoted by A. It is known that if f ∈ A, then it has the following form (1.1) f (z) = z + a 2 z 2 + · · · + a n z n + · · · (z ∈ ∆). Also, we denote by S ⊂ A, the class of all univalent functions. For a univalent function f of the form (1.1), the k-th root transform is defined by
A simple calculation gives that, for f given by (1.1),
Equating the coefficients of (1.2) and (1.3), we have
The class U and its versions are subclasses of univalent functions that until now it is dedicated to itself many works. For example the reader can refer to [3, 5, 9, 10, 11, 12, 13, 14] . Lately, Peng and Zhong [15] , introduced and studied a new subclass of analytic functions as follows
The class Ω is a subclass of the starlike functions [15, Theorem 3.1] . The class of the starlike functions is denoted by S * . The main motive for defining of the class Ω is the relationship between the class Ω and the class U, see for more details [15] . They have been obtained some properties for the class Ω, such as
• growth and distortion theorem;
• Ω is a subset of the starlike functions;
• the radius of convexity;
• if f, g ∈ Ω, then f * g ∈ Ω, where "*" is the well-known Hadamard product;
• Ω is a closed convex subset of A;
• and properties support point and extreme point of Ω. Also, they estimate the coefficients of function f of the form (1.1), belonging to the class Ω, but there was no mention of the proof and its accuracy. In this work we prove the sharp inequality for the coefficients of functions f belonging to the class Ω.
Very recently, also Obradović and Peng (see [8] ) studied the class Ω and they obtained two sharp sufficient inequalities for the function f to be in the class Ω as follows:
In this paper, we present an another sufficient inequality for functions f ∈ Ω. The structure of the paper is the following. In Section 2 we give some examples and lemmas connected to the class Ω. In Section 3 we study some coefficients problems for functions of the form (1.1) belonging to the class Ω.
Some examples and lemmas
First, we present an example for the class Ω which it is an extremal function for several problems.
It is clear that f n ∈ A and
Since z ∈ ∆, thus |z f n (z) − f n (z)| = |z n /2| < 1/2 and consequently f n ∈ Ω. We remark that the function f n is univalent in ∆ for n = 2, 3, . . .. The function f n is an extremal function for several problems such as, coefficient estimates, the radius of convexity and starlikeness in the class Ω.
This is an open question whether U ⊂ Ω or Ω ⊂ U? The following example shows that Ω ⊂ U and U ⊂ Ω. We confirm that do not prove Ω ⊂ U. Example 2.2. By Example 2.1, we have that f n ∈ Ω for n = 2, 3, . . . where f n is defined by (2.1). In particular, if we take n = 2, then the bounded analytic functionPeng and Zhong [15, Theorem 3.4] showed that the radius of convexity for the class Ω is 1/2. Here, by use of the function (2.1), we show that the result of Peng and Zhong is sharp. Proof. Let f n be given by (2.1). With a simple calculation, we get
Using the analytic definition of convexity, the radius r of convexity is the largest number 0 < r < 1 for which
Now, for every r ∈ (0, 1), we have
It is easy to see that φ(r) > 0 if and only if
We note that if we put n = 2, then r 0 becomes 1/2 and if n → ∞, then r 0 → 1. This is the end of proof.
In the next result, with an another proof, we show that Ω ⊂ S * .
Lemma 2.1. Every function f ∈ Ω is a starlike univalent function in the open unit disc ∆.
Proof. By [15, Eq. (3.4)], f belongs to the class Ω if, and only if,
where ϕ ∈ A and |ϕ(z)| ≤ 1 (z ∈ ∆). Now from (2.3), we have
Therefore by the analytic definition of starlikeness, we get
It is easy to see that 1 − r 2−r > 0 when 0 < r < 1 and concluding the proof.
In the sequel, we will show that the class Ω is a subclass of close-to-convex functions. Recall that a function f ∈ A is said to be close-to-convex function, if there is a convex function g such that
By the Noshiro-Warschawski theorem [2, Theorem 2.16], every close-to-convex function is univalent. Also, this theorem is one of the important criterion for univalence.
Lemma 2.2. Every function f ∈ A which belongs to the class Ω is close-to-convex in ∆.
Proof. Let the function f ∈ A belongs to the class Ω. Then by (2.3), we get
Since |ϕ(z)| ≤ 1, we have
The last inequality is non-negative if r < 1 and concluding the proof.
Next, we present a sufficient condition for functions of the form (1.1) belonging to the class Ω. We remark that since Ω is a subclass of the close-to-convex univalent functions, the following lemma also is a sufficient condition for univalence.
The number 1/2 is the best possible.
Proof. Let f ∈ A satisfies the inequality (2.4). Since z ∈ ∆ and consequently |z| 2 < 1, thus by the inequality (2.4), we get
Now the assertion follows from the following identity
and concluding f ∈ Ω. For the sharpness, consider the function f λ (z) = z + λz 2 where λ < 1/2 and z ∈ ∆. A simple calculation gives that
Therefore f λ ∈ Ω. It is easy to see that if λ > 1/2, then f λ ∈ Ω. Also, since f λ (z) = 1 + 2λz vanish at − 1 2λ , we conclude that f λ is not univalent in ∆ when λ > 1/2. This is the end of proof.
Remark 2.1. We note that, if we consider the function
and thus f 1/2 belongs to the class Ω. But, in this case we can not use from the identity (2.5). Because
Following, by Lemma 2.3, we give an another example for the class Ω.
Example 2.4. Define f γ,β (z) = z + γz 2 + βz 3 , where γ, β ∈ C. If |γ| + 2|β| < 1/2, then f γ,β (z) ∈ Ω. In particular, the function (z) = z + z 2 /5 + z 3 /8 belongs to the Ω. We note that the function is univalent in the unit disc ∆. The Figure 1(a) shows the image of ∆ under the function (z).
Applying Lemma 2.3, we present a sufficient condition for the function f n (z) = z + a n z n (n = 2, 3, . . .) to be in the class Ω.
Lemma 2.4. Consider the function f n (z) = z + a n z n where z ∈ ∆. If
Proof. Let f n (z) = z + a n z n and the inequality (2.6) holds. From (2.6), we get
the inequalities (2.7) and (2.8), imply that
.).
Now the desired result follows from the Lemma 2.3.
In the sequel, we recall from [7, p. 24] , the function q M (z) given by
where M > 0, |a| < M . We have q M (0) = a and q M (∆) = {ζ : |ζ| < M } =: ∆ M with ∆ ≡ ∆ 1 . By applying the function (2.9) and by the subordination, we present a sufficient and necessary condition for functions belonging to the class Ω.
Lemma 2.5. Let f ∈ A. Then f ∈ Ω if, and only if,
where q 1/2 (z) is defined by (2.9) when M = 1/2 and a = 0.
Proof. If f ∈ Ω, then by definition we have
Thus, by (2.11), zf (z)−f (z) lies in the open disc ∆ 1/2 and it is clear that q 1/2 (∆) = ∆ 1/2 . Because q 1/2 is univalent, thus by the subordination principle, we get (2.10). Indeed, since f (z) = z + ∞ n=2 a n z n and zf (z) − f (z) = ∞ n=2 (n − 1)a n z n , we have a = 0 in (2.9). This is the end of proof.
The following lemma due to Keogh and Merkes [6] will be useful in the next section. 
On coefficients
The first result of this section is the following.
n be an analytic function in ∆ and that satisfy the coefficient condition
Then the function f (z) = zφ(z) belongs to the class Ω.
Proof. Let f be given by f (z) = zφ(z) where
Now by differentiating the above relation (3.2) and multiplying by z 2 , we get
Therefore using the coefficient condition (3.1) and the identity (2.5), we deduce that
and concluding the proof. 
Peng and Zhong [15, Corollary 3.12] said that (without proof and sharpness) the inequality (3.3) (bellow) holds for the coefficients of functions f belonging to the class Ω. Here, by use of the Lemma 2.5 we present a simple proof for (3.3). We remark that the inequality (3.3) is sharp. Moreover, the next result of this section is the following. Theorem 3.2. Let f (z) = z + ∞ n=2 a n z n ∈ A be in the class Ω. Then
The result is sharp.
Proof. Let f ∈ Ω. Then by Lemma 2.5, we have
Note that q 1/2 (∆) = ∆ 1/2 and q 1/2 is convex function. On the other hand, since f (z) = z + ∞ n=2 a n z n , from (3.4) we have
Now applying Rogosinski's theorem (see [16] ) we get
This proves the inequality (3.3). Equality holds in (3.3) for the function f n that is given by (2.1). This is the end of proof.
In recent years, the problem of finding sharp upper bounds for the Fekete-Szegö coefficient functional associated with the k-th root transform it has been studied by many works (see for example [1] , [4] , [17] ). In the sequel, we obtain this problem for the class Ω. Theorem 3.3. Let the function f (z) = z + ∞ n=2 a n z n ∈ A belong to the class Ω. Then for any complex number µ and k ∈ {1, 2, 3, . . .}, we have
Proof. If f ∈ Ω, then by Lemma 2.5 and definition of subordination there exits a Schwarz function w(z) such that
If we define the function p as follows
thus p(z) is a analytic function in ∆ and p(0) = 1. A simple calculation gives us
From (3.6)-(3.8), equating coefficients gives, after simplification, we obtain (3.9)
Replacing (3.9) and (3.10) into (1.4), we get
If we take µ = 1 2 3k+2µ−1 2k
, then as an application of the Lemma 2.6, we get the desired inequality (3.5).
Putting k = 1 in the Theorem 3.3, we have. 
Since every function f belongs to the class Ω is univalent, and every univalent function has an inverse f −1 , which is defined by f −1 (f (z)) = z (z ∈ ∆) and
thus it is natural to consider the following result. Proof. Relation (3.11) gives us where n, q ∈ {1, 2, 3, . . .} and a 1 = 1. Toeplitz matrices are one of the most wellstudied and understood classes of structured matrices. Also, they have many applications in all branches of pure and applied mathematics (see for more details Ye and Lim [18, Section 2] ). In the next result, we obtain sharp bounds for the coefficient body |T q (n)|, q = 2, 3 and n = 1, 2 where the entries of T q (n) are the coefficients of functions f of form (1.1) that are in the class Ω. 
